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REYNOLDS TRANSPORT THEOREM FOR SMOOTH
DEFORMATIONS OF CURRENTS ON MANIFOLDS
LIOR FALACH AND REUVEN SEGEV
ABSTRACT. The Reynolds transport theorem for the rate of
change of an integral over an evolving domain is general-
ized. For a manifold B, a differentiable motion m of B in
the manifold S , an r-current T in B, and the sequence of im-
ages m(t)♯T of the current under the motion, we consider
the rate of change of the action of the images on a smooth r-
form in S . The essence of the resulting computations is that
the derivative operator is represented by the dual of the Lie
derivative operation on smooth forms.
1. INTRODUCTION
The transport theorem, whose formulation is attributed by Truesdell and
Toupin [TT60, p. 347] to Reynolds [Rey03] and whose proof is attributed
to Spielrein (1916), is concerned traditionally with the time-derivative of a
volume integral of a density ρ in a Euclidean physical space for a variable
domain P(t). The evolution is assumed to be material in the sense that the
subsets P(t) in space, for the various values of time t, are assumed to be im-
ages of a material-like body P under a smooth motion κt, i.e., P(t) = κt(P).
The body itself is assumed to be sufficiently regular so that the classical
formulation of the divergence theorem holds. The transport theorem may
then be written as
d
dt
∫
P(t)
ρdV =
∫
P(t)
∂ρ
∂t
dV +
∫
∂P(t)
ρv · νdA, (1.1)
where ν is the unit normal to ∂κt(P). Betounes [Bet86], extended the theory
to the case where P is an r-dimensional submanifold of an n-dimensional
semi-Riemannian manifold and generalized the surface divergence opera-
tor introduced in [GM75]. A surface transport theorem was presented by
Gurtin et al. [GSW89] and additional study and applications were pre-
sented in [Gur00, GJ02] to name a few.
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Recently, Seguin and Fried have formulated a generalized transport the-
orem by applying J. Harrison theory of differential chains. Their work
[SF13], presents the transport theorem for irregular domains of integration
in a Euclidean physical space. Moreover, the theory they present allows the
singularities of the considered domains to evolve.
The present work considers evolving domains of integration on general
manifolds. While versions of the transport theorem on manifolds are avail-
able (e.g., [AMR88, p. 471], [Fra04, pp. 142–143], [Bet86]), only the case of an
evolving smooth manifold is considered. Here, the domain of integration
may be as irregular as a de Rham current of compact support. The image
of a de Rham current under a smooth mapping is well-defined. We thus
consider the image of a current T under a smooth motion κ(t,X) = κt(X)
of a manifold B, which is analogous to the universal body of continuum
mechanics. Thus, it is assumed that for each time t, κt is an embedding of B
into the physical space S . As the evolving object is modeled by a de Rham
r-current T, integration in the classical theory is generalized to the action of
κt♯T, the image of the current at time t, on an r-form, say ω, in space.
In [AMR88, p. 469] and [Fra04, pp. 142–143], the evolving domain of
integration is the image of a submanifold under the flow of a vector field
v. In particular, the Lie derivative Lvω of the form ω relative to the flow
of v plays an important role in the formulation of the transport formula.
Here, we show that in fact, the operator representing the transport formula
for currents is the dual of the Lie derivative operator ω 7→ Lvω on smooth
forms so that one could write it asRκ : T 7→ L∗vT. The operatorRκ defined
in Equation (6.4) embodies the main geometric character of the transport
theorem and may be viewed as a generalization of [Bet86, Eq. T4]. As men-
tioned above, the present work enables the formulation of the transport
theorem for domains of arbitrary dimensions on general manifolds and
applies to domains with non-integer Hausdorff dimension, where quan-
tities such as exterior normal to the boundary and mean curvature are not
available, all in one general setting.
2. PRELIMINARIES AND NOTATION
The regions we consider may be very irregular. A typical region is mod-
eled mathematically as a de Rham current (see [dR84]). In particular, var-
ious fractals and singular, or non smooth, surfaces of lower dimensions
may be represented. Thus, the time varying region which we consider in
the transport theorem is the image under a certain class of deformations of
a given current T.
There is a trade-off between the irregularity properties of the archetypi-
cal region T and those of the deformations it may undergo. Thus, in order
to consider general de Rham currents, the deformations we consider are as-
sumed to be smooth. We recall that a de Rham current is a linear operator
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acting on smooth forms. Thus, the integration of densities that is consid-
ered in the classical transport theorem as above, is replaced by the action
S(ω) of a current S defined in space on a differential form ω representing
the integrand.
In addition to admitting irregular domains, the version of the trans-
port theorem proposed here applies in the case of differentiable manifolds
where no metric or parallelism structure is available. Thus, under consid-
eration is a connected n-dimensional manifold B (roughly the universe of
body-like control volumes) and itsmotion in another connected n-dimensional
manifold S . The motions we consider are smooth curves in the manifold of
smooth embeddings, Emb(B,S), of B into S . It is assumed that both B and
S are oriented and we consider only orientation-preserving embeddings.
We recall (see [Mic80]) that the set C∞(B,S) of smooth mappings from
B to S , equipped with a suitable topology, the FD-topology defined by
Michor ([Mic80, p. 40]), may be given a structure of a differentiable mani-
fold modeled on a locally convex topological vector space ([Mic80, p. 91]).
For a given mapping κ : B → S , a chart containing κ maps a neighbor-
hood of κ into the space C∞0 (κ
∗TS) containing smooth sections with com-
pact support of the pullback of the tangent bundle TS by κ onto B. The
space C∞0 (κ
∗TS) is isomorphic to the space C∞0κ(B, TS) of compactly sup-
ported vector fields along κ, i.e., maps w : B → TS , such that τ ◦ w = κ.
These spaces may be identified with the tangent space TκC
∞(B,S) ([Mic80,
p. 100]). In addition, the collection of embedding Emb(B,S) is an open
subset of C∞(B,S). Thus, the collection of embeddings inherits the differ-
ential topological structure of smooth maps ([Mic80, p. 43]), in particular,
the tangent bundle, from the manifold of smooth mappings. Thus,
TκEmb(B,S) ∼= C
∞
0 (κ
∗TS) ∼= C∞0κ(B, TS). (2.1)
A continuous curve in C∞(B,S), equipped with the FD-topology, con-
tains mappings that defer from one another only inside a compact set K ⊂
B ([Mic80, p. 34, p. 40]). We will avoid some of the topological details of
the FD-topology by restricting ourselves to motions that are fixed outside
a compact set K ⊂ B as required above.
For an open time interval I ⊂ R, [a, b] ⊂ I , let m : I → Emb(B,S) be
a smooth curve representing an evolution of a control region in space (or a
convected region using the terminology of [SF13]). The motion m induces
a mapping κ : I × B → S by setting κ(t,X) = m(t)(X). We will use the
notation κt : B → S for κt(X) = κ(t,X) = m(t)(X). Evidently, the motion
induces a homotopy [a, b]× B → S of κa and κb which will often denote by
κ also with some abuse of notation.
The tangent to themotionm at the time τ ∈ I is an element of TκτEmb(B,S)
which is identified with the vector field
κ˙τ =
∂κ
∂t
(τ, ·) ∈ C∞0κτ(B, TS). (2.2)
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Evidently, κ˙τ is analogous to the Lagrangean velocity field associated with
the motion m at the time τ.
We recall that the fact that the motion m is continuous, with respect to
the FD-topology, implies that all mappings κt, t ∈ I , agree at all points in
B outside a compact set which we denote by Km. It follows that Image κτ is
independent of τ. Thus, onemay write Imagem for the common image. (In
the case where B is compact, Image κτ is both compact and open in S . This
implies that Image κτ = S or else the image and its complement generate
a disconnection of S .) In addition, κτ{Km} ⊂ Imagem is independent of τ,
and is denoted by K′m. It follows that for all τ ∈ I , κ˙τ(X) = 0 for all X ∈ B,
with X /∈ Km.
By definition κτ is an embedding for each τ ∈ I , hence, it has a right
inverse ητ : Imagem → B, κτ ◦ ητ = idImagem, where, idImagem the identity
map on Imagem. Thus, for each τ one may define the vector field vτ :
Imagem → TS|Imagem by
vτ = κ˙τ ◦ ητ . (2.3)
Evidently, vτ is the Eulerian counterpart of the velocity field κ˙τ . For x ∈
S , x /∈ K′m, one has vτ(x) = 0 for all τ. As a result, one may extend vτ
smoothly to a vector field v̂τ : S → TS by setting v̂τ(x) = 0 for x ∈ S \ K′m.
It is concluded that the motion induces a time dependent smooth vector
field
v̂ : I × S −→ TS (2.4)
such that
v̂(t, x) = 0, for all t ∈ I , x ∈ S \ K′m. (2.5)
Alternatively, we define the time dependent vector field V such that
Vt : B → TB, by Vt = Tηt ◦ κ˙t = Tηt ◦ v̂t ◦ κt, (2.6)
where Tηt : T (Imagem) → TB is the tangent map associated with ηt. The
vector field Vt is somewhat analogous to the second Piola-Kirchhoff stress
(while κ˙t is analogous to the first Piola-Kirchhoff stress).
3. THE FLOW AND THE PULLBACK OF FORMS INDUCED BY A MOTION
3.1. The flow induced by a motion. Let t, s ∈ I with s > t. Set Js,t : S → S
by
Js,t(x) =
{
κs ◦ ηt(x), x ∈ K′m,
x, x ∈ S \ K′m.
(3.1)
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Then, if one keeps the initial time t fixed and consider the curve traversed
by Js,t(x) as s varies, for any x ∈ K′m,
∂Js,t
∂s
(x) =
∂
∂s
(κs ◦ ηt(x)),
= κ˙s ◦ ηt(x),
= κ˙s ◦ ηs ◦ κs ◦ ηt(x),
= vs ◦ Js,t(x).
(3.2)
For x ∈ S \ K′m,
∂Js,t
∂s
(x) = 0. (3.3)
Hence, one has
∂Js,t
∂s
= v̂s ◦ Js,t. (3.4)
It is recalled (e.g., [AMR88, p. 283]) that for a given time dependent vector
field, ut, the time dependent flow Js,t : S → S , describing the transforma-
tion induced by ut from the time t to the time s, is the mapping satisfying
∂Js,t
∂s
(x) = us(Js,t(x)), Jt,t(x) = x. (3.5)
Thus, comparing the definition of the flow with (3.4), it follows that the
mapping defined by (3.1) is the flow associated with the time dependent
vector field v̂.
3.2. Using the Lie Derivative. Let ω be a differential r-form on S . The Lie
derivative of ω relative to the the vector field u is given in terms of the flow
Js,t of u by (see e.g., [AMR88, pp. 370])
J♯s,tLuω =
∂
∂τ
∣∣∣∣
τ=s
(
J♯τ,tω
)
, (3.6)
where J♯s,tω is the pullback of the form ω by the mapping Js,t. In case the
vector field and the differential form are time dependent, indicated by the
notation ut and ωt, then ([AMR88, pp. 372]),
∂
∂τ
∣∣∣∣
τ=s
(
J♯τ,tωτ
)
= J♯s,t (ω˙s + Lusωs) , (3.7)
where we use the notation
ω˙s = ω˙(s) =
∂ω
∂τ
∣∣∣∣
τ=s
. (3.8)
In particular,
∂
∂τ
∣∣∣∣
τ=t
(
J♯τ,tωτ
)
= ω˙t +Lutωt. (3.9)
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Consider a motion m given in terms of the deformations κt. We will be
concerned with the time derivative of κ♯t (ωt) for a time dependent form ω
given on S . Using κτ = Jτ,t ◦ κt, so that κ
♯
τ = κ
♯
t ◦ J
♯
τ,t, one has
∂
∂τ
∣∣∣∣
τ=t
κ♯τ(ωτ) =
∂
∂τ
∣∣∣∣
τ=t
κ♯t ◦ J
♯
τ,t(ωτ),
= κ♯t ◦
∂
∂τ
∣∣∣∣
τ=t
J♯τ,t(ωτ),
= κ♯t (ω˙t + Lv̂tωt)
(3.10)
(see also [Fra04, pp. 141–143]). For an r-form ω and a vector field u, we use
the notation uyω for the contraction, or inner product of the form and the
vector field, an (r− 1)-form defined by
uyω(w1, . . . ,wr−1) = ω(u,w1, . . . ,wr−1), (3.11)
Recalling the Cartan formula (e.g., [AMR88, p. 430])
Luω = d(uyω) + uydω, (3.12)
we conclude that
∂
∂τ
∣∣∣∣
τ=t
κ♯τ(ωτ) = κ
♯
t (ω˙t +Lv̂tωt) = κ
♯
t (ω˙t + d(v̂tyωt) + v̂tydωt). (3.13)
Note that in general, for an r-form ϕ defined on S , and using Tκt to
denote the tangent mapping to κt,
κ♯t (v̂ty ϕ)(u1, . . . , ur−1) = (v̂ty ϕ) ◦ κt(Tκt(u1), . . . , Tκt(ur−1)),
= ϕ ◦ κt(v̂t, Tκt(u1), . . . , Tκt(ur−1)),
= ϕ ◦ κt(Tκt(Vt), Tκt(u1), . . . , Tκt(ur−1)),
= κ♯t ϕ(Vt, u1, . . . , ur−1),
(3.14)
where in the third line we used Tκt ◦Vt = v̂t ◦ κt which follows from (2.6).
Hence,
κ♯t (v̂ty ϕ) = Vty κ
♯
t ϕ. (3.15)
It is possible now to rewrite Equation (3.13) in terms of Vt as
∂
∂τ
∣∣∣∣
τ=t
κ♯τ(ωτ) = κ
♯
t (ω˙t) + d(Vty κ
♯
tωt) +Vtyd(κ
♯
tωt), (3.16)
where we used the fact that exterior derivative commutes with pullback of
forms so that
κ♯t (d(v̂tyωt)) = dκ
♯
t (v̂tyωt) = d(Vty κ
♯
tωt). (3.17)
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Considering the interval [a, b] ⊂ I , Equation (3.13) implies that
κ♯b(ωb)− κ
♯
a(ωa) =
∫ b
τ=a
κ♯τ(ω˙τ +Lv̂τ ωτ)dτ,
=
∫ b
τ=a
κ♯τ(ω˙τ + d(v̂τyωτ) + v̂τydωτ)dτ,
=
∫ b
τ=a
κ♯τ(ω˙τ) + d(Vτy κ
♯
τωτ) +Vtyd(κ
♯
tωt))dτ,
(3.18)
where it is understood that the equation holds for any fixed X ∈ B.
It is noted that for the case where ω is an n-form, which is the main case
considered in the classical treatments, dω = 0 and so
∂
∂τ
∣∣∣∣
τ=t
κ♯τ(ωτ) = κ
♯
t (ω˙t + d(v̂tyωt)) = κ
♯
t (ω˙t) + d(Vty κ
♯
tωt). (3.19)
4. THE HOMOTOPY FORMULA FOR FORMS
One may obtain (3.18) directly using using a procedure associated with
the homotopy formula for differential forms (see [GMS98, p. 135] for the
Euclidean geometry). Consider a differential r-form ϕ defined on the prod-
uct manifold I × B. Using dt to denote the standard dual base vector of
R, one may express the differential r-form ϕ locally using multi-index no-
tation in the form
ϕ = ∑
(α)
ϕ0αdt∧ dX
α + ∑
(i,α)
ϕiαdX
i ∧ dXα, (4.1)
where αp = 1, . . . , n, , p = 1, . . . , r− 1, αp > i = 1, . . . , n, and parenthesis
around a multi-index indicate that it is increasing. Using the notation
ϕH = ∑
(α)
ϕ0αdt ∧ dX
α = ∑
(α)
ϕHαdt ∧ dX
α,
ϕV = ∑
(i,α)
ϕiαdX
i ∧ dXα = ∑
(β)
ϕVβdX
β,
(4.2)
where β1 = i, βq = αq−1, q = 2, . . . , r, one has
ϕ = ϕH + ϕV . (4.3)
Let et denote the standard base vector of R (which we could also denote by
∂/∂t). Then,
ety ϕ = ∑
(α)
ϕHαdX
α, and ϕH = dt ∧ (ety ϕ). (4.4)
It follows that the decomposition (4.3) is invariant under a transformation
of coordinates in B.
Using a superimposed dot to indicate partial differentiation with respect
to the variable in R and comma to denote partial differentiation relative to
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local coordinates in B, is observed that locally,
dϕ = ∑
(α),i
ϕ0α,idX
i ∧ dt ∧ dXα + ∑
(i,α)
ϕ˙iαdt ∧ dX
i ∧ dXα
+ ∑
(i,α),j
ϕiα,jdX
j ∧ dXi ∧ dXα,
(4.5)
Hence, locally
(dϕ)H = − ∑
(α),i
ϕ0α,idt ∧ dX
i ∧ dXα + ∑
(i,α)
ϕ˙iαdt∧ dX
i ∧ dXα,
= ∑
(β),(α),i
(−εiαβ ϕ0α,i + ϕ˙β)dt ∧ dX
β,
(4.6)
where β is an r-multi-index. Thus,
(dϕ)Hβ = − ∑
(α),i
εiαβ ϕ0α,i + ϕ˙β. (4.7)
In addition, we may write locally,
d(ϕH) = ∑
(α)
ϕHα,idX
i ∧ dt ∧ dXα = − ∑
(β),(α),i
εiαβ ϕ0α,idt ∧ dX
β, (4.8)
so that d(ϕH)V = 0, i.e., d(ϕH) is “horizontal”, and
d(ϕH)β = d(ϕH)Hβ = − ∑
(α),i
εiαβ ϕ0α,i. (4.9)
One concludes that
(dϕ)H = −d(ϕH) + dt∧ ϕ˙V . (4.10)
For a segment (a, b) ⊂ I , consider the (r − 1)-form [ϕ](a,b) on B given
locally by
[ϕ](a,b)(X) = ∑
(α)
(∫ b
a
ϕHα(t,X)dt
)
dXα = ∑
(α)
(∫ b
a
(ety ϕ)α(t,X)dt
)
dXα,
(4.11)
which we also denote as
[ϕ](a,b) =
∫ b
a
(ety ϕ)dt. (4.12)
Using components, one may write,
[ϕ](a,b)α(X) =
∫ b
a
ϕHα(t,X)dt =
∫ b
a
(ety ϕ)α(t,X)dt. (4.13)
Evidently, the definition is invariant under a transformation of coordinates
in B.
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Locally, one has,
[dϕ](a,b)(X) = ∑
(β)
(∫ b
a
(dϕ)Hβdt
)
(t,X)dXβ,
= − ∑
(α),i
(∫ b
a
ϕ0α,i(t,X)dt
)
dXi ∧ dXα +∑
(β)
(∫ b
a
ϕ˙β(t,X)dt
)
dXβ,
= − ∑
(α),i
∂
∂Yi
∣∣∣∣
Y=X
(∫ b
a
ϕ0α(t,Y)dt
)
dXi ∧ dXα
+∑
(β)
(∫ b
a
ϕ˙β(t,X)dt
)
dXβ,
= − ∑
(α),i
∂
∂Yi
∣∣∣∣
Y=X
(∫ b
a
ϕ0α(t,Y)dt
)
dXi ∧ dXα
+∑
(β)
(
ϕβ(b,X)− ϕβ(a,X)
)
dXβ,
= − ∑
(α),i
∂
∂Yi
∣∣∣∣
Y=X
[ϕ](a,b)α(Y)dX
i ∧ dXα + ϕ(b,X)− ϕ(a,X),
(4.14)
and we conclude that
ϕ(b,X)− ϕ(a,X) = [dϕ](a,b)(X) + d[ϕ](a,b)(X). (4.15)
For the mapping κ : I × B → S induced by the motion m, and a time
dependent r-form ω on S , we may now substitute the pullback κ♯ω for ϕ
in the last equation to obtain
κ♯ω(b,X)− κ♯ω(a,X) = [κ♯(dω)](a,b)(X) + d[κ
♯ω](a,b)(X), (4.16)
where we have used dκ♯(ω) = κ♯(dω). The last equation is referred to as
the homotopy formula for forms (e.g., [GMS98, p. 135]).
It is observed that the product structure I × B induces a decomposition
of a tangent vector u ∈ T(I × B) into components u0 ∈ R and uX ∈ TB.
Given t ∈ I , the inclusion ιt : {t} × B → I × B, induces the restriction ι
♯
t ϕ
of a form ϕ defined on I × B to vectors in {t}×TB. In fact, one can consider
the mapping ι∗ : I × TB → T(I × B), where ι∗(t,w) = Tιt(w) is the vector
with components (0,w) at (t, τB(w)). Here, τB : TB → B denotes the tan-
gent bundle projection. Thus, ι♯ϕ is the restriction of ϕ to vertical vectors. In
addition, for the decomposition ϕ = ϕH + ϕV , ωH((0,w1) . . . , (0,wr)) = 0,
identically, so that
ι♯ϕH = 0, ι
♯ϕ = ι♯ϕV . (4.17)
In a coordinate neighborhood I ×U in I × Bwewill use the coordinates
X0 = t for the component of an element E = (t,X) ∈ I × B in I , and Xi,
i = 1, . . . , n, for the coordinates of the component X in U ⊂ B.
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We now apply ι♯ to both sides of Equation (4.16). In other words, we
consider the action of both sides of the equation on space-like vectors, those
of the form ŵ = (0,w), w ∈ TB.
Note first that given r vectors ŵ1, . . . , ŵr ∈ T(t,X)(I × B) of the form ŵi =
(0,wi),
ι♯ ◦ κ♯(ω)(t,X)(ŵ1, . . . , ŵr) = κ
♯(ω)(t,X)((0,w1), . . . , (0,wr)),
= ω ◦ κ(t,X)(T(t,X)κ(0,w1), . . . , T(t,X)κ(0,wr)),
= ω ◦ κt(X)(TXκt(w1), . . . , TXκt(wr)),
(4.18)
thus,
ι♯ ◦ κ♯(ω)(t,X) = κ♯t (ω)(X). (4.19)
Since
d[ϕ](a,b)β = ∑
i,(α)
εiαβ [ϕ](a,b)α,i,
=
∫ b
a
εiαβ (ety ϕ)α,idt,
=
∫ b
a
(d(ety ϕ))βdt,
= [d(ety ϕ)](a,b)β,
(4.20)
one may rewrite (4.16) in the form
κ♯b(ω)α − κ
♯
a(ω)α =
∫ b
a
(ety κ
♯(dω))αdt+
∫ b
a
(d(ety κ
♯ω))αdt. (4.21)
Next, it is noted that for vectors ŵ1, . . . , ŵr in Image ι∗,
ety κ
♯ϕ(t,X)(ŵ1, . . . ŵr−1)
= κ♯ϕ(t,X)(et, ŵ1, . . . , ŵr−1),
= ϕ ◦ κ(t,X)(T(t,X)κ(et), T(t,X)κ(ŵ1), . . . , T(t,X)κ(ŵr−1)),
= ϕ ◦ κt(X)(v̂t(κt(X)), TXκt(w1), . . . , TXκt(wr−1)),
= (v̂ty ϕ) ◦ κt(TXκt(w1), . . . , TXκt(wr−1)),
= κ♯t (v̂ty ϕ)(w1, . . . ,wr−1).
(4.22)
where in the fourth line we used the fact that T(t,X)κ(et) is, by definition, the
value of the partial derivative ∂κ/∂t attached to the point κt(X). It follows
that
ι♯(ety κ
♯ϕ) = κ♯t (vty ϕ) = Vty κ
♯
t ϕ. (4.23)
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Using (4.23) in (4.21) and using d ◦ κ♯ = κ♯ ◦ d lead to
κ♯b(ω)α − κ
♯
a(ω)α =
∫ b
a
κ♯t (v̂tydω)αdt+
∫ b
a
(d(κ♯t (v̂tyω)))αdt,
=
∫ b
a
κ♯t (v̂tydω)αdt+
∫ b
a
(κ♯t (d(v̂tyω)))αdt,
(4.24)
which is equivalent to (3.18) for time independent forms.
Evidently, one has
d
dτ
κ♯τ(ω)(t) = κ
♯
t (v̂tydω) + κ
♯
t (d(v̂tyω)), (4.25)
so that we retrieve (3.13) for time-independent forms.
5. THE HOMOTOPY FORMULA FOR CURRENTS
5.1. De Rham currents. The classical treatments of the transport theorem
consider the time derivative of the integral of a density over an evolving
region in the 3-dimensional Euclidean space. Seguin and Fried, [SF13], re-
placed integration over smooth regions by the more general geometry of
differential chains in the setting of Euclidean geometry. Here, we use the
framework of general currents on differentiable manifolds as introduced
by de Rham [dR84].
We recall that a de Rham r-current T on a manifold M is a continuous
linear functional on the space of smooth differential r-forms having com-
pact supports. Continuity of the action may be described by considering a
sequence (ωj) of differential forms whose supports are contained in a sin-
gle compact set K which is a subset of an open coordinate neighborhood
U. If the components of the local representatives of the forms as well as
all their partial derivatives of all orders tend to zero uniformly in K, it is
required that T(ωj) → 0. The support of a current T is defined to be the
complement of the maximal open set U0T for which T(ω) = 0 if ω is sup-
ported in U0T. While currents are defined for forms of compact supports,
a current whose support is compact may be applied continuously to forms
whose supports are not necessarily compact. For the sake of simplicity, the
currents we will consider here, whose supports represent material regions,
will be assumed to be of compact supports.
The boundary ∂T of a current T is defined by
∂T(ω) = T(dω). (5.1)
The boundary operator is linear mapping taking r-currents into (r − 1)-
currents which is continuous in the weak topology on the space of currents.
As mentioned above, we will be concerned with currents on the body
manifold. Such a current T represents a material object such as a material
body or a material hypersurface. For example, a compact n-dimensional
submanifold with boundary P ⊂ B, induces an n-current TP whose action
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on an n-form ω, representing some density, is given by
TP(ω) =
∫
P
ω. (5.2)
Manifoldswith boundary of lower dimensionswill induce currents of lower
dimension in the same fashion. In this case, it follows from Stokes’s theo-
rem that
∂TP(ψ) =
∫
P
dψ =
∫
∂P
ψ, (5.3)
and so ∂TP = T∂P. Currents may have very singular behavior such as mea-
sures on surfaces and their derivatives. In particular, currents may be used
to represent various fractal sets.
Let χ : B → S be a smooth mapping. Then, for any smooth form ω
on S having a compact support, the pullback χ♯ω is a smooth form on B
whose support is not necessarily compact. If T is a current on B having a
compact support, T(χ♯ω) is well defined. This leads to the definition of the
push-forward χ♯T of the current T by the mapping χ as the current on S
such that
χ♯T(ω) = T(χ
♯ω). (5.4)
Since χ♯(dω) = d(χ♯ω) (see [AMR88, pp. 427–428]),
∂(χ♯T) = χ♯(∂T). (5.5)
It is noted that push-forward for general currents (not necessarily of
compact supports) is frequently defined for proper mappings only (e.g.,
[GMS98, p. 132]). However, in our case, there is no reason to assume that
for a compact subset K of S containing Imageχ, χ−1(K)∩ B be compact. In-
stead, we consider currents having compact supports (as in [dR84, p. 47]).
5.2. The homotopy formula for currents. For an r-current S on B having a
compact support and a segment [a, b] ⊂ I , let [a, b] × S denote the (r+ 1)-
current on I × B given by (see [GMS98, p. 125])
[a, b]× S(ϕ) =
∫ b
a
S(ety ϕ)dt,
= S([ϕ](a,b)),
(5.6)
so that for a form that is supported in a coordinate neighborhood,
[a, b]× S(ϕ) =
∫ b
a
S
(
∑
(α)
ϕHα(t, ·)dX
α
)
dt. (5.7)
(The current [a, b]× S is a particular case of the Cartesian product, or tensor
product of currents, where [a, b] is viewed as the 1-current in I associated
with the segment.)
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We may now use (4.16) to compute
(κb♯T− κa♯T)(ω) = T(κ
♯
bω − κ
♯
aω),
= T
(
[κ♯(dω)](a,b)
)
+ T
(
d[κ♯ω](a,b)
)
,
= T
(
[κ♯(dω)](a,b)
)
+ ∂T
(
[κ♯ω](a,b)
)
,
= ([a, b]× T)(κ♯(dω)) + ([a, b]× ∂T)(κ♯ω),
= κ♯([a, b]× T)(dω) + κ♯([a, b]× ∂T)(ω),
= ∂κ♯([a, b]× T)(ω) + κ♯([a, b]× ∂T)(ω),
(5.8)
and it is concluded that
κb♯T− κa♯T = ∂κ♯([a, b]× T) + κ♯([a, b]× ∂T). (5.9)
The last equation is known as the homotopy formula for currents.
Let T be an r-current and let u be a vector field of class C∞. We will use
the notation u ∧ T for the (r+ 1)-current defined by
u ∧ T(ϕ) = T(uy ϕ), (5.10)
for all(r + 1)-test forms ϕ.
For the setting under consideration, we may be more specific, and using
(4.24), we have
(κb♯T− κa♯T)(ω) = T
(
∑
(α)
(∫ b
a
κ♯t (v̂tydω)αdt
)
dXα
)
+ T
(
∑
(α)
(∫ b
a
κ♯t (d(v̂tyω))αdt
)
dXα
)
,
=
∫ b
a
T(κ♯t (v̂tydω))dt+
∫ b
a
T(d(κ♯t (v̂tyω)))dt,
=
∫ b
a
(κt♯T)(v̂tydω)dt+
∫ b
a
κt♯(∂T)(v̂tyω)dt,
=
∫ b
a
(v̂t ∧ κt♯T)(dω)dt+
∫ b
a
(v̂t ∧ κt♯(∂T))(ω)dt,
=
∫ b
a
[
∂(v̂t ∧ κt♯T) + v̂t ∧ κt♯(∂T)
]
(ω)dt.
(5.11)
Using Equations (3.15,3.17) it is easy to obtain
v̂t ∧ κt♯T = κt♯(Vt ∧ T), (5.12)
and it follows that (5.11) may be expressed in terms of the vector field Vt as
(κb♯T− κa♯T)(ω) =
∫ b
a
[
κt♯(∂(Vt ∧ T)) + κt♯(Vt ∧ ∂T)
]
(ω)dt. (5.13)
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Equations (5.11,5.13) may be rewritten abstractly in the form
(κb♯T− κa♯T) =
∫ b
a
[
∂(v̂t ∧ κt♯T) + v̂t ∧ κt♯(∂T)
]
dt,
=
∫ b
a
[
κt♯(∂(Vt ∧ T)) + κt♯(Vt ∧ ∂T)
]
dt.
(5.14)
Here, integration is understood in the sense of an integration in a locally
convex topological vector space as in [Mic80, p. 76].
6. THE TRANSPORT THEOREM FOR CURRENTS
6.1. The transport formula. We can derive now the formula to be used in
the transport theorem. Equation (3.13) implies that
∂
∂τ
∣∣∣∣
τ=t
(κτ♯T(ωτ)) =
∂
∂τ
∣∣∣∣
τ=t
(T(κ♯τωτ)),
= T
(
∂
∂τ
∣∣∣∣
τ=t
κ♯τωτ
)
,
= T(κ♯t (ω˙t + d(v̂tyωt) + v̂tydωt)),
= κt♯T(ω˙t + d(v̂tyωt) + v̂tydωt),
= κt♯T(ω˙t) + (v̂t ∧ ∂(κt♯T))(ωt) + ∂(v̂t ∧ κt♯T)(ωt),
(6.1)
and it follows that
∂
∂τ
∣∣∣∣
τ=t
(κτ♯T(ωτ)) = κt♯T(ω˙t) + (v̂t ∧ κt♯∂T+ ∂(v̂t ∧ κt♯T))(ωt),
= κt♯T(ω˙t) + (κt♯(Vt ∧ ∂T) + κt♯(∂(Vt ∧ T)))(ωt).
(6.2)
The transport formula may be also written as
∂
∂τ
∣∣∣∣
τ=t
(κτ♯T(ωτ)) = κt♯T(ω˙t) +Rκ(t)(T)(ωt), (6.3)
where the operatorRκ , defined by
Rκ(τ)(T) = v̂∧ κt♯∂T+ ∂(v̂τ ∧ κτ♯T) = κτ♯(Vt∧ ∂T)+ κτ♯(∂(Vt ∧ T)), (6.4)
will be referred to as the transport operator.
Alternatively, one may use the homotopy formula for currents (5.14) to
obtain
∂
∂τ
∣∣∣∣
τ=t
κτ♯T = ∂(v̂t ∧ κt♯T) + v̂t ∧ κt♯(∂T) = Rκ(τ)(T), (6.5)
and then, differentiating the product,
∂
∂τ
∣∣∣∣
τ=t
(κτ♯T(ω)) =
∂κτ♯T
∂τ
∣∣∣∣
τ=t
(ω) + κτ♯T(ω˙), (6.6)
and one retrieves the transport formula (6.2).
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It is also observed that if one expresses the time derivative of κ♯τω in
terms of the Lie derivative as in (3.13), it follows that
∂
∂τ
∣∣∣∣
τ=t
(κτ♯T(ω)) = κτ♯T(ω˙t) + κt♯(T)(Lv̂tωt),
= κτ♯T(ω˙t) + L
∗
v̂t
◦ κt♯(T)(ωt),
(6.7)
where L∗v̂t is the formal dual of the Lie derivative operator. As a result, the
transport operator satisfies
Rκ(t) = L
∗
v̂t
◦ κt♯. (6.8)
In addition, κt♯T is the image of the current in space so that for the Eulerian
version of the transport theorem, or for the case where the body is identi-
fied with its current image, the transport operator is simply the dual of the
Lie derivative.
We finally remark that since the support of κt♯T is contained in Image κt =
κt{B}, the extension form vt to v̂t has no computational significance and the
“hat” (̂) may be omitted in practice.
6.2. Transport and balance. Consider the standard situation where ω rep-
resents the density of some extensive property. In such a situation, assum-
ing ω satisfies Cauchy’s postulates, associated with the property are a time
dependent n-form ς representing the source and a time dependent (n− 1)-
form J representing the flux, such that the differential balance equation for
the property is (see e.g., [Seg13])
ω˙τ + dJτ = ςτ . (6.9)
Thus, the transport formula assumes the form
∂
∂τ
∣∣∣∣
τ=t
(κτ♯T(ω)) = κt♯T(ςt) + κt♯∂T(v̂tyωt − J) + ∂(v̂t ∧ κt♯T)(ωt),
= T(κ♯t ςt) + ∂T(Vty κ
♯
tω − κ
♯
t J) + ∂(Vt ∧ T))(κ
♯
tωt),
(6.10)
where the first and second line above represent the Eulerian and Lagrangean
formulations of the transport, respectively.
6.3. The case of an n-current. We now consider the common situation
where the current is of the same degree, n, as the dimension of the body
manifold B and the space manifold S . Since v̂t ∧ κt♯T is an (n+ 1)-current
in an n-dimensional manifold, it vanishes identically. Thus, the transport
formula reduces to the special form
∂
∂τ
∣∣∣∣
τ=t
(κτ♯T(ω)) = κt♯T(ω˙t) + (v̂t ∧ κt♯∂T)(ωt),
= T(κ♯t ω˙t) + ∂T(κ
♯(v̂tyωt)).
(6.11)
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In the regular case, there is a part of the body P, a compact n-dimensional
submanifold with boundary of B, which induces an n-current TP as in (5.2–
5.3). For the time dependent n-form ω in S ,
∂
∂τ
∣∣∣∣
τ=t
(κτ♯T(ω)) =
∫
P
κ♯t ω˙t +
∫
∂P
κ♯t (v̂tyωt) =
∫
P
κ♯t ω˙t +
∫
∂P
Vty (κ
♯
tωt).
(6.12)
Since κt|P : P → κt(P) is an orientation preserving diffeomorphism of
compact manifolds, for any n-form ϕ defined on κt{B},
κt♯TP(ϕ) =
∫
P
κ♯t ϕ =
∫
κt{P}
ϕ. (6.13)
It follows that
κt♯TP = Tκt{P} (6.14)
and the Eulerian version of the transport formula becomes
∂
∂τ
∣∣∣∣
τ=t
(κτ♯T(ω)) =
∫
κt{P}
ω˙t +
∫
∂κt{P}
v̂tyωt. (6.15)
It is observed that in the second integral on the right, represents the flux-
like (n− 1)-form v̂tyωt. By the definition of the contraction operation, the
restriction of v̂tyωt to ∂κt{P} vanishes wherever v̂t is tangent to ∂κt{P}.
The theory presented in the preceding sections enables the generaliza-
tion of the example above to irregular sets that represent n-currents. For
example, Pmay be a compact subset of Rn whose characteristic function is
integrable relative to the Lebesgue measure. In particular, various fractals,
such as the 2-dimensional von-Koch snowflake, may be represented by de
Rham currents. (Even though the perimeter of the Koch snowflake is in-
finite, the analog of integration on the boundary of the snowflake is well
defined by ∂T(ω) = T(dω).)
Locally, a smooth n-form ω on B may be represented as
ω = ω0dX
1 ∧ · · · ∧ dXn, (6.16)
where ω0 is a smooth function. An n-current T on Bmay be represented in
the form
T =
∂
∂X1
∧ · · · ∧
∂
∂Xn
∧ T0, (6.17)
where T0 is a distribution viewed as a 0-current, so that
T(ω) =
∂
∂X1
∧ · · · ∧
∂
∂Xn
∧ T0(ω0dX
1 ∧ · · · ∧ dXn),
= T0
(
∂
∂X1
∧ · · · ∧
∂
∂Xn
y (ω0dX
1 ∧ · · · ∧ dXn)
)
,
= T0(ω0).
(6.18)
Thus, the framework presented here applies for the case where T0 is any
distribution with compact support.
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6.4. Currents induced by submanifolds of lower dimension. In order to
exhibit the role of the term ∂(v̂t ∧ κt♯T))(ωt) that appears in the transport
formula and that vanished in the case of n-currents, we consider the smooth
case where the current under consideration is induced by a smooth, com-
pact, (n− 1)-dimensional submanifold with boundary Q of B in the form
TQ(ϕ) =
∫
Q
ϕ, (6.19)
for any smooth (n− 1)-form ϕ on B.
For any (n− 1)-form ω on S , one has
∂(v̂t ∧ κt♯TQ))(ωt) =
∫
κt{Q}
v̂tydωt, (6.20)
and one has
∂
∂τ
∣∣∣∣
τ=t
(κτ♯T(ωτ)) =
∫
κt{Q}
ω˙t +
∫
∂κt{Q}
v̂tyωt +
∫
κt{Q}
v̂tydωt. (6.21)
The (n − 1)-form ωt may be interpreted as a flux form whose integration
over an (n− 1)-dimensional oriented manifold gives the total flux of some
extensive property through that manifold. Thus, if we assume no sources
exist, dωt may be interpreted as the rate of change of the density of that ex-
tensive property. It is also observed that the restriction of v̂tydωt to κt{Q}
vanishes wherever v̂t is tangent to κt{Q}. The term represents then the rate
of change of the flux through the surface caused by transversal motion of
the submanifold sweeping through regions where the flux changes.
In analogy with the case of n-dimensional manifolds, in the term
(v̂t ∧ κt♯∂TQ)(ωt) =
∫
∂κt{Q}
v̂tyωt, (6.22)
the restriction of v̂tyωt to ∂κt{Q}, will vanish wherever v̂t is tangent to
∂κt{Q}.
For a submanifold Q of dimension lower than n− 1, Equation (6.21) still
holds. Again, the restriction of v̂tyωt to ∂κt{Q} vanishes if v̂t is tangent
to ∂κt{Q} and the restriction of v̂tydωt to κt{Q} vanishes wherever v̂t is
tangent to κt{Q}.
6.5. The inner product of a current by a differential form. In the preced-
ing paragraphs we considered cases where the currents under considera-
tion could be identified with subsets of B, either smooth submanifolds or
irregular sets. A typical picture of the situation we may have in mind is
a herd grazing on grass in a field or a school of fish feeding in the ocean.
The density of grass in the field or the food in the ocean is represented by
the form ω while κt♯T represent the current configuration of the herd or
school. Thus, assuming that the animals or fish graze at a uniform rate in
space, κt♯T(ωt) represents the rate at which food is consumed. In this case,
∂κt♯T(ωt)/∂t represents the rate of change of the consumption rate as the
herd or school evolves in space. (We are not concerned here with the fact
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that the consumption of feed is affects its density.) However, it is plausible
that rate at which the animals feed is not uniform in B due to variations
of the animal sizes. Evidently, in addition to this pastoral interpretation,
one could consider also the analogous example of a chemical reaction rate.
This suggests that there is a function Ψ defined on B such that we consider
currents of the form T = ΨTQ for a current TQ induced by a subset Q ⊂ B.
To be concrete and more general, for an r-current T and a p-form Ψ, r >
p, we consider the (r− p)-current TxΨ defined by
TxΨ(ϕ) = T(Ψ ∧ ϕ). (6.23)
In the case where T = TQ for a smooth submanifold Q and a 0-form, a
function Ψ on B,
TxΨ(ϕ) =
∫
Q
Ψϕ, (6.24)
as expected.
Thus, we wish to compute
∂
∂τ
∣∣∣∣
τ=t
(κτ♯(TxΨ)(ωτ)) = κt♯(TxΨ)(ω˙t) + (v̂t ∧ κt♯∂(TxΨ))(ωt)
+ ∂(v̂t ∧ κt♯(TxΨ))(ωt),
= κt♯(TxΨ)(ω˙t) + (κt♯(Vt ∧ ∂(Tx Ψ))
+ κt♯(∂(Vt ∧ (TxΨ))))(ωt).
(6.25)
First note that κt♯(TxΨ)(ωt) = T(Ψ ∧ κ
♯
tωt). Define the Eulerian version ψt
of Ψ by
ψt = η
♯
t (Ψ) (6.26)
so that Ψ = κ♯tψt. Then, using κ
♯
t (ψt ∧ ωt) = κ
♯
tψt ∧ κ
♯
tωt (e.g., [AMR88,
p. 420]), one obtains
κt♯(TxΨ) = (κt♯Txψt). (6.27)
Next, one has
∂(TxΨ)(ϕ) = T(Ψ ∧ dϕ),
= (−1)pT(d(Ψ ∧ ϕ)− dΨ ∧ ϕ),
= (−1)p((∂Tx Ψ)(ϕ)− (TxdΨ)(ϕ)),
(6.28)
where in the second line we used d(Ψ ∧ ϕ) = dΨ ∧ ϕ + (−1)pΨ ∧ dϕ (e.g.,
[AMR88, p. 423]). It follows that
∂(TxΨ) = (−1)p(∂TxΨ− TxdΨ). (6.29)
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Using η♯tdΨ = dψt and the identity wy (α ∧ β) = (wy α) ∧ β + (−1)
pα ∧
(wy β) for a p-form α (see [AMR88, p. 429]) one obtains
∂
∂τ
∣∣∣∣
τ=t
(κτ♯(TxΨ)(ωτ)) = (κt♯Txψt)(ω˙t) + (−1)
p(v̂t ∧ κt♯(∂TxΨ))(ωt)
− (−1)p(v̂t ∧ κt♯(TxdΨ))(ωt) + ∂(v̂t ∧ (κt♯Txψt))(ωt),
= (κt♯Txψt)(ω˙t) + (−1)
p(v̂t ∧ (κt♯∂Txψt))(ωt)
− (−1)p(v̂t ∧ (κt♯Txdψt))(ωt) + ∂(v̂t ∧ (κt♯Txψt))(ωt),
= (κt♯Txψt)(ω˙t) + (−1)
p(v̂t ∧ (κt♯∂Txψt))(ωt)
+ (v̂t ∧ κt♯T)xdψt)(ωt)− (κt♯Tx (v̂tydψt))(ωt)
+ ∂(v̂t ∧ (κt♯Txψt))(ωt),
(6.30)
where we used
(v̂t ∧ (κt♯Txdψt))(ωt) = κt♯T(dψt ∧ (v̂tyωt)),
= κt♯T((−1)
p+1(v̂ty (dψt ∧ωt)− (v̂tydψt) ∧ωt)),
= (−1)p+1((v̂t ∧ κt♯T)xdψt)(ωt)− (κt♯Tx (v̂tydψt))(ωt).
(6.31)
Consider a current TQ induced by an r-dimensional submanifold Q ⊂ B
in the form
TQ(ϕ) =
∫
Q
ϕ, (6.32)
an p-form Ψ and the current TQxΨ given by
(TQxΨ)(ζ) =
∫
Q
Ψ ∧ ζ (6.33)
for any (r− p)-form ζ. Equation (6.30) specializes in this case to
∂
∂τ
∣∣∣∣
τ=t
(κτ♯(TQxΨ)(ωτ))
=
∫
κt{Q}
ψ ∧ ω˙t + (−1)
p
∫
∂κt{Q}
ψ ∧ (v̂tyωt)
− (−1)p
∫
κt{Q}
dψ ∧ (v̂tyωt) +
∫
κt{Q}
ψ ∧ (v̂tydωt).
(6.34)
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